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The binary scattering amplitude (operator) for rotating molecules can be divided into a part which commutes (spherical part) and one which does not commute (nonspherical part) with the sum of the rotational angular momenta (spins) of two colliding particles (diamagnetic molecules).
The spin dependence of the (nonspherical) scattering amplitude is of crucial importance for the kinetic theory of polyatomic gases as far as it is concerned with the influence of an external magnetic field on the classical transport properties 1 (SENFTLEBEN-BEENAKER effect 2 ).
Furthermore, the nonspherical part of the scattering amplitude determines the magnitude of the rotational relaxation constant which, in turn, is of interest for the interpretation of NMR data 3 obtained for polyatomic gases. Sound absorption 1 L. WALDMANN Theoretical investigations so far have mainly been concerned with effective cross sections for rotational transitions 5 rather than with the calculation of the nonspherical scattering amplitude which contains more information and is needed for the SENFT-LEBEN-BEENAKKER effect.
A "phenomenological" M-matrix theory which yields the most general form of a spin-dependent scattering amplitude subject to parity and time reversal invariance could be applied to molecular collisions much as it has been used for nuclear collisions 6 and nuclear reactions 7 . It seems desirable, however, to find out which of the various terms are the most important ones, the more so, as the number of possible terms increases rapidly with the magnitude of the spins involved.
Such an analysis shall be given here for elastic collisions (i.e., where the directions of the spins but not their magnitudes may be affected by collisions) of homonuclear diatomic molecules with small nonsphericity. In particular "diatomic molecule-spherical particle" and "diatomic molecule-diatomic molecule" collisions shall be considered. (E,e,e'-,si,s2) (1.4)
• a (E, e, e',si, s2) The nonspherical part may be written as
where Un is a function of the unit vector x = r~1x and the spin vectors but not of the distance r.
The numerical factor e (nonsphericity parameter)
is chosen in such a way that the leading vn (r) is of the same magnitude as V(r). For the nonspherical potentials we found in the literature, e is approximately in the range from 0.05 to 0.3. In these cases, it seems appropriate to expand with respect to e, i.e., with respect to powers of the nonspherical part of the interaction potential:
Using (1.5) and
where G is the Green's function pertaining to the kinetic energy plus the spherical interaction potential V, one readily finds
T(2) = (I + VG)vGv( 1 +QV).
Note that this perturbation expansion with respect to the nonspherical part of the interaction potential is quite different from a Born approximation (which cannot be used for molecular collisions at room temperature) since the dominant spherical part of the potential is here fully taken into account.
Next we consider several examples of nonspherical interaction potentials which have been proposed for diatomic molecule-spherical particle collisions. § 3. Spin-Dependent Potential for "Diatomic Molecule-Spherical Particle" Interaction
We first consider the collision of a rotating diatomic molecule with a spherical particle. Collisions of this type occur with mixtures of diatomic and monatomie gases as well as in H2 gas where p-H2 in the rotational ground state can be treated a spherically symmetric particle.
The interaction potential will depend on the distance r between the particles and on the angle % between the axis of the molecule and the vector connecting its center of mass to the spherical particle. The dependence on the angle % can be expressed in terms of Legendre polynomials Pn (cos^):
(3.1) nä 1
Here F(r) is the spherical part of the potential. If we confine our attention to homonuclear diatomic molecules such as H2 and N2, then only even Legendre polynomials occur in the sum in (3.1).
The short range part of the angle-dependent interaction potential is linked with the deviation of the shape of the molecule from spherical symmetry 5 . The long range part of the nonspherical interaction potential (for particles without a permanent electric dipole moment) is related to the static quadrupolequadrupole interaction and even more to induced multipole-multipole interactions. In both cases the P2-term will be the most important one and all higher Legendre polynomials may be neglected 5 .
In order to find the connection between the nonspherical potential (3.1) and a spin-dependent potential as used in (2.2), (2.4), (2.5) we first observe that one has
where u is a unit vector parallel to the molecular axis. Cartesian components of vectors and tensors are denoted by Greek indices. For these the summation convention is used. The bar ' denotes the irreducible (symmetric traceless) part of a tensor, e.g.
where a and b are vectors and dßV is the isotropic unit tensor of rank 2.
Next we have to express the tensor ußuv as a "spin-operator", i.e. given the spin vector operator s (with s • u = 0; rotator!) classically speaking, an average over the orientation of u in a plane perpendicular to s has to be taken. The magnitude S of the spin is taken to be constant (elastic scattering!). In operator notation (with respect to the magnetic quantum numbers) we have with a proportionality constant c
since sßsv is the only irreducible spin tensor of rank 2 which is available. The subscript "op" refers to the operator notation (with respect to spin indices). The constant c may be found by multiplying (3.4) with sßsv (and contracting) and using s • u = 0, and
Here S is the magnitude of the spin, i.e. s • s = S(S + 1)-Note that the bracket vanishes for 8 = 1
Thus, according to (3.2), one finally obtains
This result is a special case of the more general formulas for the "transcription" of Pi(cos x) into a "spin-operator" notation which, also for inelastic collisions, may be obtained by using rigid rotator wave functions and Clebsch-Gordan algebra. For details, see the appendix.
Thus, we have to deal with an interaction potential of the type
The nonsphericity parameter e is independent of S if the distance of the two atoms of the diatomic molecule does not depend on S (rigid rotator). Here and in the following, we write v (r) instead of vi (r) (cf. 2.2).
Next we want to give some examples for functions V(r), v(r) and the nonsphericity parameter e as they can be obtained from data available in the literature by using relation (3.5). Our aim is to show clearly the meaning of e for various potentials and to give numerical values for it. Therefore, we only state the functional dependence of V and tionr but not the numerical values of the constants involved.
Here we consider the interaction of rotating H2 molecules with p-H2 in the rotational ground state and with He atoms.
(rotating) H2-P-H2 (rotational ground state)
a) In connection with an attempt to explain the measured viscosity 10 of H2 at low temperatures NIBLETT and TAKAYANAGI 11 C and a again being constants.
Note that ROBERTS' nonsphericity parameter (3.14) is twice as large as the value (3.12) given by WAUGH.
The values for e quoted here apply to the lowest rotational states of the H2 molecules (i.e. for rotational quantum numbers 1, 2, possibly for 3 and 4 too). TAKAYANAGI 5,12 used the same nonsphericity for any rotational state of the H2 molecule.
ROBERTS 13 , however, showed that the nonsphericity is quite sensitive to the distance between the protons (bond length) in the H2 molecule. Hence the nonsphericity may be expected to increase with the rotational quantum number. § 4. Scattering Amplitude for "Diatomic-
Monatomic" Collisions
With the nonspherical interaction potential (3.6) the term of the ^-matrix which is linear in the nonsphericity parameter e obviously will contain the 131, 203, 209 [1963] . second rank irreducible spin tensor. This term (cf. 2.5) can be written as
Tii) = T$[S(S + 1) -(4.1)
According to (2.5) the tensor T^J is given by
An operator notation has been used here. Note that the Green's function G is neither diagonal in x-nor in p-representation.
In view of (4.1) the part of the scattering amplitude which is linear in e will also contain susv.
Hence up to terms of order e the scattering amplitude reads a = a0 + + 1) -
0(e 2 ). (4.3)
Here ao is the spherical part of the scattering amplitude which is connected to T T < 0 > (cf. 2.5) according to (1.2) and (1.3). The tensor AßV is related to (4.2) by (4.4) where occurs in momentum representation (cf. 1.3). On the other hand, Aßv also can be expressed in terms of irreducible tensors which can be constructed from the Cartesian components of the unit vectors e and e :
Aflv = 2aie/le , v + a2(eßev + e , lxev).
(4.5)
Here a\ and a2 are scalar functions (like ao) depending on the relative kinetic energy E and the angle of deflection ft defined by e-e' = cos ft. and D = ci c2 -cf2 have been used.
Next we consider the terms of the ^"-matrix which are quadratic in e. In particular we want to show that the interaction potential (3.6) implies that the scattering amplitude contains a "re • s-term" of order contains a product of two second rank irreducible spin tensors which can be expressed by a hnear combination of irreducible spin tensors of rank 0 to 4, i.e., one has (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) with the constants c$ (i = 0, 1, ..., 4). These constants may be determined by multiplying (4.13) with 1, sx, ... and taking the trace on both sides. Thus one obtains (for spin traces see e.g. HESS and
(4.14)
The 4th rank tensor v, in analogy to (4.2), is given by
(4.15)
Obviously, the first term in (4.13) is a spherical one. As, however, it only contributes in order e 2 , it is negligible compared with T<°>. The terms in (4.13) containing the irreducible spin tensors of rank 2, 3, 4 (in a linear way) are disregarded here, for there is already a term of order e containing a spin tensor of rank 2; those of rank 3 and 4 are not of interest for the SENFTLEBEN-BEENAKKER effect for linear molecules. Fourth rank spin tensors, however, are of importance for regular octahedral molecules 13a .
The second term in (4.13) yields the desired nsterm (4.10) of the scattering amplitude if one takes (4.13) in p-representation [cf. (1.2)]. Since T (^V JJlv has positive parity the vector 1S an axial vector. The only axial vector which can be constructed from p = pe and p' -pe' is proportional to the unit vector n, thus one has ekßvTflve{E, e, e') = Cnx. 
In order to get rid of the angle cp one might also average (5.1) over this angle. Now one also finds an interaction potential like (5.2), but then the relation Hence we will have to deal with a spin-dependent interaction potential analogous to (3.6)
r=V(r)+ev20(r)[S^(l)^v+S^)^v]xlliv
(5.5) Relation (3.5) has been used in arriving at (5.5). The rotational spin vectors of the interacting molecules are denoted by si and S2-The abbreviation The second rank tensor AßV has been expressed, through Eq. (4.5) ,in terms of irreducible tensors which can be constructed from the Cartesian components of the unit vectors e and e'. An expression like (4.5) for BßVjß'V' is not given here, since the term containing the product of the second rank spin tensors of particles 1 and 2 has little importance for the SENFTLEBEN-BEENAKKER effect. Such a term, however, will contribute to the relaxation constants for the vector and tensor polarizations. Thus the scattering amplitude contains a term of order e proportional to (cf. 6.1) 1 1 1 1 («1/1 «if + «2^ «2v) Aßv, (7.2) and the term proportional to
is of order e 2 (cf. 6.4). For the specific examples which were considered, the nonsphericity parameter 14 A. C. LEVI, and F. R. MCCOURT, Physica 38, 415 [1968] . For a nonsphericity parameter e of order 1, however, the perturbation expansion (2.3) may no longer be used. The terms (7.2) and (7.3) of the scattering amplitude then may be expected to be of equal order of magnitude.
ii) The scattering amplitude (4.3, 10; 6.1, 4) contains several scalar functions a* (i = 0, 1, 2, 3) depending on the relative kinetic energy and the angle of deflection in the center of mass system. It would be highly desirable to evaluate these functions to a resonable accuracy with a suitably chosen spherical interaction V and a realistic v(r) or v2o (r).
iii) So far, have been concerned only with energetically elastic scattering events. A similar analysis for inelastic collisions (where the magnitude of the rotational spin is changed) shall be given in a subsequent publication.
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Appendix:

Transcription of Legendre Polynomials Pi into a Spin Operator Notation
The potential function for the interaction of a diatomic molecule with a monatomic particle contains the Legendre polynomials P/(cos (cf. 3.1).
15 S. HESS, and L. WALDMANN, Z. Naturforsch. 23a. 1893 [1968] .
Here % is the angle between the unit vectors u and x which characterize the directions of the molecular axis and of the position vector x = rx from the center of mass of the molecule to the monatomie particle, i.e.,
In order to obtain the spin dependent interaction potential pertaining to this potential function, one needs a transcription of the Pi (I -1, 2 .
<S'M'\T?m s \SM).
Note that ( 
